A major objective in photonics is to tailor the emission properties of microcavities which is usually achieved with specific cavity shapes. Yet, the dynamical change of the emission properties during operation would often be advantageous. The implementation of such a method is still a challenging issue. We present an effective procedure for the dynamical control of the emission lobes which relies on the selection of a specific coherent superposition of degenerate modes belonging to different symmetry classes. It is generally applicable to systems exhibiting pairs of degenerate modes. We explored it experimentally and analytically with organic square microlasers, which emit narrow lobes parallel to their sidewalls. By means of the pump polarization, emission lobes are switched on and off selectively with an extinction ratio better than 1/50.
I. INTRODUCTION
Microcavities have been widely studied because of the high sensitivity of their emission to their shape. Accordingly, they provide appealing solutions for numerous applications, from on-chip photonic devices [1] to biochemical sensing [2, 3] . While circular microdisks exhibit an isotropic in-plane emission, the cavity geometry can be deformed in numerous ways to favor emission in a given direction, starting from an ellipse [4] with integrable ray dynamics, to mixed-dynamics systems with a shape from the Limaçon family [5] to the chaotic stadium [6] . Since the far-field pattern results from the resonator geometry, it can normally be modified only by fabricating other devices. Accordingly, the dynamical control of resonator properties has become an intense field of research. Some proposals are still theoretical [7] [8] [9] , whereas others have been applied successfully in experiments [10] [11] [12] [13] [14] [15] [16] .
We present a procedure to dynamically control the directions of emission by selecting specific coherent superpositions of degenerate modes via the pump polarization. This has the advantage of not requiring a spatial light modulator as in Refs. [10] [11] [12] 14] . Its efficacy is demonstrated with organic square microlasers, though it is applicable to various photonic systems and beyond. The underlying principle is indeed of general validity, since it is based on fundamental symmetry considerations and exploits the sensitivity to external influences of systems exhibiting degenerate modes.
In contrast to the isotropic emission of disks or spheres, organic square-shaped microlasers emit four narrow lobes * melanie.lebental@ens-cachan.fr ; the full polar plot was created by duplicating the data. [17] . This specific feature is well described by a semiclassical model [17] [18] [19] . A comprehensive review on square microcavities is provided in Ref. [18] . An important characteristic of this approach is the twofold degeneracy of all resonant modes suggesting that each lasing state is composed of a linear superposition of two modes and is consequently sensitive to any exterior perturbation. We used the pump polarization state as an exterior parameter and observed a spectacular manifestation of the coherent superposition of degenerate modes: in the far-field emission diagram, some lobes are simply switched on and off. Under circular pump polarization, four lobes are observed parallel to the sidewalls [ Fig. 1(a) ], consistent with the symmetries of a square, whereas, if the symmetry is broken by a linear pump polarization, only two lobes remain parallel to the polarization direction [ Fig. 1(b) ].
The outline of the article is the following. First, the Table 1 is composed of 8 plane waves. Their corresponding wave vectors belong to two different subsets presented in (a) and (b) where (b) is obtained from (a) by a π/2 rotation. Each subset is dynamically closed, i.e., a ray remains in its subset after reflections at the sidewalls. If the angle of incidence α is close to the critical angle (αc ≃ 42 • ) emission takes place at a grazing angle while maintaining good confinement. The complementary angle of incidence π/2 − α is significantly larger than αc. Thus the ray is confined inside the cavity by total internal reflection, leading to negligible emission. Consequently, emission (red dashed arrows) occurs along the x direction in (a) and along the y direction in (b). The pump polarization is indicated by a green doublesided arrow. The pump efficiency depends on the angle β. It is maximal for a plane wave with β = π/2. In the case of a pump polarization along the y direction, β is slightly larger in (b) than in (a), and hence configuration (b) is enhanced by stimulated emission.
general concepts are explained in Sec. II and validated experimentally in Sec. III. Then, a comprehensive theoretical description explains the observations and reveals the universally applicable concepts in Sec. IV.
II. BASIC IDEAS
An organic square microlaser emits four narrow lobes parallel to its sidewalls [see Fig. 1(a) ], because the light is emitted at a grazing angle. Within the semiclassical approach, the corresponding resonant modes are well described by 8 plane waves [17] , which can be inferred from one another by reflection at the boundary and a π/2 rotation, see Fig. 2 .
Accordingly, all resonances can be assigned to pairs of degenerate modes 1 , see Table 1 . The wave functions in a pair, e.g., ψ A1 and ψ B2 , feature a far-field emission pattern similar to the experimental one with four lobes in the directions parallel to the sidewalls, see Fig. 1(a) . However, a coherent superposition of ψ A1 and ψ B2 -which is possible for a given wavelength due to their degeneracy -does not necessarily exhibit the same symmetric far-field pattern. We demonstrate that the polarization state of the pump laser can select either the superposition
, which corresponds to selecting four out of the eight plane waves, that is, configuration (a) or (b) in Fig. 2 . The control by the pump polarization is achieved via the commercial laser dye DCM 2 , for which absorption and emission transition dipoles are parallel. They are isotropically and uniformly distributed within the cavity.
Under circular pump polarization, all the dyes are excited without symmetry breaking, and the far-field emission patterns thus feature four lobes, in accordance with the global symmetry of the square. Under a linear pump polarization, the laser dyes which are parallel to this direction are preferentially excited. They then emit the well-known sin 2 (θ) dipole diagram (where θ is the angle with the dipole axis), which is maximal in the direction perpendicular to the pump polarization. For instance, in the case of a pump polarization parallel to the y axis, emission in the x direction is favored, which corresponds to β = π/2 in Fig. 2 . So plane waves along the trajectories shown in Fig. 2(b) are more likely to be excited than along those in Fig. 2(a) , and the laser amplification selects the state of which the wave vectors are more aligned with the x direction. As sketched in Fig. 2(b) , this state and the associated plane waves are confined by total internal reflection on the sidewalls parallel to the x direction, whereas their incidence is close to the critical angle on the sidewalls parallel to the y axis, thus yielding an emission along the y direction. Consequently, due to the mediation by the cavity resonances, in the case of the square the laser emission is parallel to the pump polarization, not perpendicular to it as one would expect for dye molecules in free space. TABLE I. Symmetry classes, quantum numbers, and semiclassical wave functions. The symbols '+' or '−' mean that the wave function is even or odd, respectively, with respect to the symmetry line. ψ0 is the normalization factor. Here, the wave functions are normalized such that the integral of |ψ(x, y)| 2 over the cavity area equals unity. The Mulliken symbols are defined in Ref. [20] . Reprinted from Ref. [17] .
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III. EXPERIMENTAL SETUP AND RESULTS
The microlaser cavities are fabricated from a PMMA matrix 3 doped with 5 wt% of the laser dye DCM. The 650 nm-thick polymer cavities are etched by electron beam lithography on a Si/SiO 2 (2 µm) substrate. This allows to fabricate sidewalls and corners with excellent quality at a nanoscopic scale [17] . The side lengths of the square cavities vary from a = 50 µm to 200 µm. The pump beam from a frequency-doubled Nd:YAG laser (532 nm, 0.5 ns, 10 Hz) impinges vertically and with uniform intensity onto a single cavity (see Fig. 3 ). Its polarization is controlled using half-and quarter-waveplates. All experiments were performed at room temperature.
In the experiments with a circularly polarized pump beam, the collection lens in the far field was fixed and the microlaser rotated around its own axis [21] . In the case of a linearly polarized pump beam, the cavity was kept fixed and the collection lens was moved around the cavity with a 3D goniometer [22] . Then the angular range of observation was reduced to [−15
• , 195
• ] for technical reasons, but the direction of pump polarization remained aligned with the cavity with a precision better than 1
• . The square microlasers emit a comb-like multi-mode spectrum [17, 23] , with a clear lasing threshold (see Fig. 4 ). The far-field intensity distribution under circular pump polarization is plotted in Fig. 1(a) , exhibiting four emission lobes in line with the symmetry axes of the square. For linear pump polarization, the symmetry of the system is effectively reduced as illustrated in Fig. 1(b) . The ratio of the intensity in the ±x directions over the intensity in the ±y directions is less than 2·10 −2 . Note that the speed of the dynamical control is only limited by the time needed to change the pump polarization. The microlaser emission itself is predominantly polarized The pump is linearly polarized parallel to one pair of sidewalls, and the observation direction is parallel to the pump polarization. The pump intensity is about twice the lasing threshold. Inset: threshold curve for pump polarization parallel (solid red line) and perpendicular (dotted blue line) to the direction of observation. The maximum intensity of the spectrum is plotted versus the pump intensity, which is normalized to the laser threshold at 3.0 MW·cm −2 .
parallel to the cavity plane.
IV. THE MODEL
In this section, the basic ideas and observations outlined above are corroborated with model calculations applicable to any polarization of the pump beam. The main quantity of interest is the probability P that a mode is supplied by the photons emitted by the laser dyes. We assume that the experimentally observed lasing modes are the ones with the lowest lasing threshold, which have the highest probability P. Since we restrict ourselves to the situation near the lasing threshold, we may base our model on passive resonances without mode interaction. First, the semiclassical model developed in [17] is briefly sketched. Then the derivation of the probability P is explained step-by-step. Finally, we determine the superposition ψ sup of, e.g., wave functions ψ A1 and ψ B2 from the first group in Table I , for which the probability P of exciton transfer to ψ sup is maximized.
The square microlasers we are studying can be assumed two-dimensional [23] . They emit predominantly in the transverse electric (TE) polarization state with the electric field in the cavity plane. Thus, they are governed by the two-dimensional Helmholtz equation ∆ + n 2 k 2 ψ = 0 for the z-component of the magnetic field, ψ = B z , with appropriate boundary conditions, where k denotes the modulus of the wave vector k and n ≃ 1.5 the effective refractive index. The Helmholtz equation for a metallic square cavity can be solved analytically for Dirichlet and for Neumann boundary conditions. On the contrary, for the dielectric square this is not possible due to diffraction at the dielectric corners [24] . Therefore, we proposed a semiclassical model in Ref. [17] which describes the salient experimental features and also agrees well with numerical simulations.
In the following we briefly summarize the semiclassical model. The wavenumber components of k = (k x , k y ) are quantized by the boundary conditions, which lead to two quantum numbers m x,y . A wave function inside the cavity is composed of a plane wave propagating with k(m x , m y ) = (k x , k y ) as well as its reflections at the boundary and rotations by π/2. These plane waves may be expressed in terms of the model wave functions listed in Table 1 . According to the C 4v symmetry of the square, the wave functions belong to six different symmetry classes, namely A 1 , A 2 , B 1 , B 2 , and E [20, 25] . The dimension of the sets A and B is 1 and it is 2 for E. The character of the A set is 1, while it is -1 for the B set. Since the parities of m x + m y and of m x m y coincide for each mode pair (A 1 , B 2 ), (A 2 , B 1 ), and (E, E), the semiclassical quantization condition yields the same k and hence each mode is twofold degenerate.
However, this degeneracy is broken by the diffraction at the dielectric corners, which is not taken into account by the model. Thus the actual modes ψ A1 and ψ B2 , as well as ψ A2 and ψ B1 , are not degenerate. Full numerical calculations reproduce the expected tiny lifting of the degeneracy of the resonances of these two pairs of symmetry classes, but also demonstrate that they are degenerate in very good approximation and very well described by the semiclassical model. Especially for realistic cavity sizes, this effect is negligible since the relative effect of the corners becomes smaller and smaller with increasing cavity size. In contrast, the modes of the two E symmetry classes are exactly degenerate because the square belongs to the C 4v point symmetry group. Hence we can treat all three mode pairs as exactly degenerate in the following.
In Ref. [17] , we evidenced that the observed lasing modes correspond to an angle of incidence just above the critical angle, α c ≃ 42
• , which is consistent with grazing emission parallel to each sidewall. Let us consider 
for instance the two-dimensional subset (A 1 , B 2 ). The lasing wave function is then either ψ A1 or ψ B2 , or a linear superposition of them. For a given pair (m x , m y ) with m x > m y and thus Re(k x ) > Re(k y ), ψ A1 + ψ B2 emits two lobes along the y direction and none along the x direction [see Fig. 5 (a) and Fig. 2(b) ], while it is the opposite for ψ A1 −ψ B2 [see Fig. 5(b) and Fig. 2(a) ]. Since the other two mode pairs exhibit the same basic structure of the far-field distributions and selection rules for the four emission lobes as a function of the pump polarization, we only discuss the exemplary case of (A 1 , B 2 ) in the following.
Which superposition is selected for lasing is determined by the interaction with the active medium and the pump polarization. A dye-doped lasing medium can exhibit gain anisotropy, i.e., the gain experienced by a plane wave depends on its propagation direction [26, 27] . This is a consequence of the structure of the dye molecules. Their absorption and emission processes can be described by the corresponding dipole transition moments d a and d e , respectively [26] [27] [28] [29] . For a DCM molecule, the pump laser excites an electronic S 0 → S 1 transition, and the absorption dipole is oriented mostly along the axis of the molecule [28] . After a fast non-radiative relaxation in the vibrational manifold of the S 1 state, spontaneous or stimulated emission occurs from the S 1 to the S 0 state. For many dyes, including DCM, the emission dipole from the S 1 to the S 0 state is parallel to the absorption dipole [28] , so the effect described here is of broad validity. In the following, we therefore assume that the emission and absorption dipoles are exactly parallel and denote them by d.
The unit vector describing the polarization state of the pump beam is denoted by p = (p x , p y ). Then, for a given dye with a dipole moment d, the excitation cross section is proportional to | d · p | 2 . Furthermore the probability that the dye transfers its excitation to a mode with a given electric field E is proportional to | d · E(x, y) | 2 for a dye located at the position (x, y). The laser dyes are assumed to be uniformly and isotropically distributed. Therefore, the probability P to excite the mode is
where the integrals are over the surface S of the cavity and the orientations Ω of the dipoles. Among a set of modes with similarly high Q-factors, those with the highest P have the lowest threshold.
We outline in the following how P was calculated for the square microlasers. Since the microlaser emission is polarized in-plane we only consider TE polarized modes. In this case the wave functions ψ correspond to the magnetic field component B z . The electric field is therefore given by E ∝ e z × ∇B z ∝ (−∂ψ/∂y, ∂ψ/∂x, 0). Inserting this expression into Eq. (1) and integrating over Ω yields
The last step consists in calculating the superposition of wave functions which maximizes P for a given pump polarization. The whole space of possible superpositions can be covered by two real parameters γ ∈ [0, π) and δ ∈ [−π/2, π/2), yielding for the pair (A 1 , B 2 )
The calculations are tedious but straightforward and are summarized in Appendix B. It appears that ∂P /∂δ ∝ sin δ and therefore the probability P is maximal for δ = 0 independently of the pump polarization. In contrast, the optimal γ depends on the pump polarization. If it is along the y direction, p = (0, 1), then γ max = π/4, that is,
and the emission is parallel to the y direction. Similarly, if the pump polarization is along the x direction p = (1, 0), then γ max = 3π/4 yielding
and the emission is parallel to the x direction. Under a circular pump polarization p ∝ (1, ± i) we obtain γ max = 0, so ψ sup is equal to ψ A1 , which features four equal emission lobes in the x and y directions. These values of γ max are the same for the two other degenerate mode pairs (A 2 , B 1 ) and (E, E), leading to the same experimental far-field patterns for all lasing modes.
V. CONCLUSIONS
We demonstrated experimentally that different superpositions of degenerate modes can be excited in a square organic microlaser via the pump polarization and can be discerned from their vastly different far-field emission patterns. These observations were predicted based on a semiclassical model within the theoretical framework of fluorescence anisotropy. While the proposed method is demonstrated for an organic square microlaser, it does not depend on its specific geometry nor on the dye-doped polymer as gain medium and thus is of broad applicability. The only requirements are the existence of degenerate mode pairs with distinct target features (e.g., emission direction) and of a procedure to select a specific superposition of them.
Degenerate mode pairs exist for all resonators with symmetry classes C N v where N ≥ 3, and microlasers with such symmetries like equilateral triangles or hexagons are commonplace [30] [31] [32] [33] [34] [35] . Furthermore, socalled degenerate cavities can exhibit highly degenerate modes [36] [37] [38] . While the selection of a superposition via the pump polarization is particularly simple, it is restricted to dye-based lasers. However, other selection schemes like spatially modulated pumping via an SLM or segmented metal contacts can be used for, e.g., semiconductor lasers. Accordingly, this principle of dynamic control via degenerate modes is bound to find applications in many microphotonic systems and beyond. We use the Kirchhoff integral,
to determine the far-field distribution at a location r outside the domain S covered by the square resonator [39] , which is assumed to be two-dimensional. Here, ∂ ∂n is the derivative in the direction of the outward normal to the resonator boundary ∂S and
is the free-space Green's function in two dimensions, where k = (k 2 x + k 2 y ) 1/2 /n is the wave number in free space, and k x , k y are the wave vector components inside the resonator with refractive index n. We impose at ∂S dielectric boundary conditions on the wave functions ψ in and ψ out inside and outside the domain, respectively, ψ in | ∂S = ψ out | ∂S and µ ∂ψin ∂n | ∂S = ∂ψout ∂n | ∂S where µ = 1/n 2 for transverse electric (TE) polarization and µ = 1 for transverse magnetic (TM) polarization. Then the wave function outside of the resonator is related to that on its boundary by
First, we choose as ansatz inside the resonator a plane wave ψ in ( r) = ψ 0 exp{i(k x x + k y y)} and calculate the corresponding wave function ψ out ( r) at a location r = (r cos ϕ, r sin ϕ) far away from the domain S, i.e., for k| r− r ′ | ≫ 1. Then the integral can be simplified by using H
(1)
µkx+k cos ϕ ky−k sin ϕ + µky+k sin ϕ kx−k cos ϕ (A4) where a is the side length of the square. It is instructive to express the wave vector components in terms of the angle of incidence, (k x , k y ) = nk(cos α, sin α) and to focus on the two terms in the last square bracket, which are maximal when their denominators vanish. The first term stems from the integration along the side walls parallel to the y axis and is maximal for n sin α = sin ϕ. This is simply Snell's law for a ray refracted at a side wall parallel to the y axis. Analogously, the maximum of the second term corresponds to a ray refracted at a side wall parallel to the x axis.
The results for the full wave functions of the dielectric square are obtained by adding the 8 plane waves with corresponding momentum vectors and relative amplitudes. For the symmetry class A 2 this yields
with
Appendix B: Effect of mode symmetries and degeneracies on the gain efficiency
Close to the laser threshold, we neglect mode competition and stimulated emission. Then the gain efficiency in a dye-doped polymer matrix is proportional to the product of the absorption probability of the pump photons and the emission probability of photons into a given lasing mode, averaged over the orientations Ω of the dye molecules [29] . Assuming that the emission and absorption depend solely on the dipole transition moments d e and d a , these probabilities are proportional to | d e · E| 2 and | d a · p | 2 , respectively. Here, E denotes the electric field distribution and p = (p x , p y ) is the unit vector describing the polarization state of the pump beam. Then, the probability P that the mode is excited is given by
where the integral is performed over the surface S of the cavity, and ρ(Ω) is the distribution of orientations of the dye molecules. We assume that the lasing threshold of a mode is proportional to 1/P. In the case of TE polarization, the electric field is given by
where the wave function ψ corresponds to the z component of the magnetic field, B z = B 0 ψ(x, y)e −iωt and ω = ck is the angular frequency of the mode. Re p x p * y .
(B3) Note that under a linear pump polarization and for a plane wave, Eq. (B3) yields a 3 times higher pump efficiency if the wave propagates in the direction perpendicular to p compared to propagation parallel to it [29] . Equation (B3) in itself can only explain variations of the lasing threshold as a function of the pump polarization, but not changes of the emission characteristics and the symmetry of the lasing mode. This effect is attributed to the existence of pairs of modes that are degenerate but have different emission features. We assume that their superposition is determined by the maximum of the probability P for a given pump polarization.
The square resonator exhibits C 4v symmetry. Therefore, the resonance states belong to six different symmetry classes. These and the associated wave functions are summarized in Table I . They form three pairs {S 1 , S 2 } of degenerate modes, where we refer to {S 1 , S 2 } = {A 1 , B 2 }, {S 1 , S 2 } = {B 1 , A 2 } and {S 1 , S 2 } = {E, E} as the cases I, II and III, respectively. It should be noted that the two E classes are degenerate due to symmetry reasons, whereas the degeneracy of the classes A 1 and B 2 and of the classes B 1 and A 2 is a particularity of the semiclassical model for the square resonator [17] , but not of the C 4v point group in general. Numerical calculations show that resonances of these two pairs of symmetry classes are degenerate in very good approximation.
In the following, we calculate the superpositions of degenerate mode pairs which maximize the probability P, Eq. (B3). A general superposition can be written as ψ sup = cos(γ) ψ S1 + e iδ sin(γ) ψ S2
where the wave functions ψ S1,2 have equal amplitudes ψ 0 . The whole space of possible superpositions is covered by the two parameters γ ∈ [0, π) and δ ∈ [−π/2, π/2). In Ref. [17] , we evidenced that the lasing modes have an angle of incidence α ≥ α c , where α c denotes the critical angle. Therefore we may assume in good approximation that the wave vector components k x,y are real. We start with case I. Since ψ A1 and ψ B2 are symmetric with respect to the x and y axes, also ψ sup has these symmetries. Hence the integral over the third term in the square brackets in Eq. (B3) vanishes. The remaining two terms yield after a lengthy but straightforward calculation 
where the dimensionless quantity P I,red is called the reduced gain efficiency. It may be written as
The result for P II,red is obtained by replacing f I,2 by −f I,2 in P I,red . The result for case III is ∝ sin(δ). Hence the only relevant value of δ is δ = 0, which is implicitly assumed in the following calculations. The extremal points of P red can now be easily found by calculating the roots of .
It should be noted that this is an exact formula as long as modes with α > α c are considered. Since the cot(z) is π-periodic, further roots can be found by adding π/2 to a root γ I . So in practice there is one maximum and one minimum, one in the interval γ I ∈ [0, π/2] and the other one in the interval γ I ∈ [π/2, π]. For case II we obtain cot(2γ II ) = 1 ∆p 2 sin(2α)f I,3 cos(2α)f I,1 − f I,2 ,
and for case III cot(2γ III ) = −2 Re(p x p * y ) ∆p f III,3 (α) + cos(2α)f III,4 (α) f III,1 (α) cos(2α) + f III,2 (α) .
(B26) The quantities f feature several terms of the form sinc(nk x,y a). For a square with side length a = 120 µm and emission wavelength λ around 600 nm, nka ≃ 1900. So all these terms are of the order of 10 −3 or smaller, and can be neglected. Thus, in the semiclassical regime, the expressions for P can be further simplified.
